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Let's study now an application of thewavefunction polarisation we have determinedin12

Since they are the mostgeneral overlaps 401Oa INDjm and4kDjm form a

complete set providing we sum over all possible quantumnumbers including themess

1 1 2 f m Ej ftp mthT97mi4 591

fincaré
irreps

Kquantnumbers KiEFm
otherthenm j k rto uniquely 3s

g
notonly 1 particle states

specify thestate

we are able to obtain the general
structure

of 2ptfunctions in terms of
the particle that are created destroyed by local operators schematically

a no n facility tf.itt i
This
way of expressing 2pt functions in terms of the spectrum of the theory

goes
under thenameof Hallen Lehmann spectraldecomposition

Comment on nonalitation

We are working with the relativistic invariant nonalitation

2 jfk r 91 Pf 97pm 2H 81KP 2km fog 8pmtag

Moreover the resolution of the identity in can be recast as

1 limit
ftp.gfp.at

ErH on
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Let's illustrate the spectraldecomposition with a fullyworked_outexample

easily generditable to the general case

Kallen Lehmann SpectralDecomposition Vectors

1 01July Jfly 107 401Jul11 It191107

I 1dm forth é s talus a mural3101107

Let assume the spectrum is gapped no massless state execptfor 105 has overlap
with Jn's so thatwe can use everything we have seen so far
The sum over j is actually restricted to just two terms j o j s

since An 1

2 01 July 3191107 3 Imfaith gotwww.q Ymralsta1o

m fattyé 2j.imalky.zj mql I 1m9 Elm dEf

1dm data diff nah
dm faithful f1m Kuku fj.IM fmMmutkako

where we have defined the spectral densities f 1m

β f m 12fm91Pmp 0 fj.im 1Zjfm91Im230

In summery
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4 Lol Julx July to dmfaith f.fm knkotfjfm4 m'ymut4k
KallenLehmann I

Remarks

these spectral densities are positive f g m 0 For JuTv as

opposed to In3T when I Jm it would notneedtobepositive

The tensorstructure is purely kinematical geometrical Boostedrotated ClebschGordan

squared in this example theyform literally the spin projectors IT and IT

The dynamical information about the spectrum andcouplingstrength is in thefilm
The 1 body phase space dither 81km01h9 puts all k on shell km

so thatwe could have equally written it as

Lol Julx July to dmfaith f.fm knkotfj m4 kymut4k
KallenLehmann I bis

or even more explicitly resolving the 81h2m 014

161 01 July silly to folm fol e 41,114Kiki fj.int kiymutfk

where the 1m label in reminds that KY TEM i e kiKim m

Q what if Jm is conserved J

2 01 5H11 Sim α km I my8 K 1m48s EI

4In
m M O 26014 ma.tt

ffffegP
hInis

Comment same conclusion reachedbyworkingwith 5

Notable exception is when m o so state exist in that styte



case it's better reabsorbe Ym factors in f 6m like done in15 2314
which holdsalsoforthemasslesscase f.fmM o has fj.im α 81m as

solution corresponding to GoldstoneBosons 4015m011k kn andspontaneousbreak

Time ordered Kallen Lehmenn

71 COITJul1 July10 06 0
99401711519110 0192 94015,1911101107

for which we need to repeat15 for 40151g Jul1107

8 401551g J 110 3 mfaith 401 tollar9 jun93101107
coffexconjugateuptome

which are related to previousmatrix elements by CPT transformations

9 Ept 3m10 Epi ME 101 T 10 Ept ME 5m19

Feet1hrs92m yiimteitk r97jm.tt lkr 9Sm MfIt5iii r m
where the M's are CPT phases 121 1 and it turns out 1

110 40151101h59 4199131010 4015101 1k T 9 mg.mn 5 9 5101105

and since q's and o's are summed over in 181 I I 2

1 easily Taklo mfaith ftp.imhknkutIffftfymfmnkud
we get exactly the same spectral densities f m

121 501JTg Jul1107 mfaith f.fm Kakut fj.fmfym knkr
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We can thus get the following expression for the time ordered correlator

13 401TJun 3019 105 1fm dithcryOcxyo é 01g X e
91

1,1Uh fj.lk fymEKnK
We can put it in a more covariant form by observing that 1ˢ ltine is a

sum integraloverm of scalar field propagator namely

1141 faithin II 3 defy e
01 9 é oigx.ie In km

nImK
onshell

1K ÉmÉÉm u fj.lk fym knku rin
ienEmIieRek

K's offshell

Killen Lehmann T ordered

15 GITJun 5019 107 1dm fify é Email Uh fj.lk fym rnku

Remonk it's a sum over free propagators with positivemeasure f 1m 0

Fourier transforming it
1161 Lol TTyp 3,191107 dx e

P
dy e 5 21T 8Cp k Tulp

7 Inulp 1dmpalmia fj.im Nup Pupil Pj1 Papo

KallenLehman Tordered in momentum space again sumoverm offreetheory
propagators

Now using fie Pf I infix and recalling the f are real landpositive

we can extract them
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8 Imi Imu pI f P yup Pupil fj.brPapu

so that f is extracted by acting with projectors

ftp.f
2 ptpmp fIm itTuulpII fj p

191

pup Info P1 fj.jp

Remarks

The 119 give an explicitwayto calculate the spectral densities calculate

the Immaginay parts of momentum space time ordered 2 point functions

which in turn can be calculated via the optical theorem

InQED at one loop mefor α fdt g hit α Parete I

If we had use 4 rather then 5 or not reabsorbed the11m factors in f

we would obtained an expression that differs from 5 by local

terms a you b28 84 91 since

fifties
This is to become

Tordering is slightly ambiguous due to productof 2
distributions 1 99

and 014 0 with Wighthon functions 401In3107 Often this ambiguity is

resolved by demanding extra conditions such as Ward identities4 1570

in QED which is indeedsatisfied in 5 However the Im In which

give rise to f's is free of these ambiguities Tom knowing Im In
one can reconstruct In vie dispersion relations again handing into471The ambiguity

in this case arise from the numberof subtractions needed if 1,1m 00 tooslowly
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It's clear that the lessons here are general and notspecific to the

particular exampleof JT One could repeat it for Coltoot107

Let's move on now and reconsider the wavefunction overlaps between fields

acting on 105 and massless states

Massless particles vs Fields

Vectors vs Massless helicity h 11

We take in 1 11
0 An end want to determine 201Auto In d 7m

We are going to see there is a clash
between

Lorentz covariance vs trivialityof150121 translations
9 8401 invariance
givingupexact
covariance

INX2 50I UCA AMMEN G YArlo

42 4014101 IT 1 1 E ñ ñ

2 Gy 150121 2D translations Rotation
z

expliaWixW exp i30

Iii Ie
To show 20 21 are inconsistentwith each other let's assume themand see we

run into contradiction

Namely let's take it Who c 15061 elementofLGA



1346
241 Who exp i αW'tixWYexp i 30 r Ji Ki in avector irrep

Let's start firstwith z rotation only 1 W Rz exp i 507

Ein cnn.no
no

120 Ra E IF End é eigenvalue eq forEFFI

In E IF D III

In IE ls.EE f 1d
Now that Eilat are determined by arotations let see the effectof
750121 translations

itbooster if boost

fi ii i f tt.iii.itpboort
We would like

1281 Erin 01AM

EM IT4 it Ef f dirt o

from U WillKd 0
covarianceofAn

But this is impossible since
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ftpfEdiet i t
Or going beyond linear order and exponentiating 291 which is easysince t.tt 0

139 TV s f ifα α
r

th 22 42 22

31 Isolattrand Edit't a in contradiction
with 281

Main Lesson

Lorentzcovariance incompatible with An creating h masslessstates

However the 131 suggests the simple fix require Lorentz covariance
up to gaugetransformations

132 V11 1101UH 1 Alo 2 s

Indeed repeating previous steps for Mr Who TheRz v E LG150k

93 EµIñ 401AMIT if W In fol A 101 Ind at adf.AM é

which on the Enlil eigenstates of 93 gives now

Tiff glint inicolrmikisn.de

E IE In
which is now perfectly compatible since 6142151m α Encarta
this defines basically 4018101ind 42 41



BPI
Hence we can now look at generic In 2014101Niko
recalling that 1kt m o VILMA InD

135 Eick 401AMKd 4 a

ff f
L K K

0 En In LIKE Eila µ
Differ by coronientƩ
by a gaugetransformation

Likewise acting withgeneric A

137 Entry 401Any lwd m o
401UNUMAddUhl talk d

MEE the idea

1381 ME IK Elan Any e

This is no surprise after all since In K 0 admits always

since k o

Erica K EmirInñ CI'S EKIEWIN ñu IF Ed

Maxwellequations
What we have seen implies free Maxwellequation 612nF Ind 0

as soon as Loku a 43 0
to for Any 2 tensor antisymmetricFu

Indeed dFIEZFmveverfh.kz exactly notjustup togouge

2,401Faulk12 0815 o

I solferini 2rdAug Sma yet 2,41541kd α RE Kke 0
Maxwelleq can'tbechanged
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hmu 10,0 11,2 Gravitons

Q can a symmetric Lorentz 2 tensor hav interpolate a massless 2 state
A No only if hav is 2 tensorup to gouge transformations linear diff's

It's enough to repeat the reasoning of An now on each Lorentz index

401 EEYE Cdhuddle1 12 5 color_lhml.ltRiVlRzllrtdm onh El
REIn RI lol her01 In a e

40 Rate Ra Ef ñ e
o

ELI
I e.IE

1 211 EH ETTA
notice thatEffo since RTRTz 7 1 E Yé
thetrace wouldnotvanish ifwewere interested in 1 0 E o

But then performing now 2D translation in 14 51014 like before we dash

1421 Tm Te Eef Erik vs
genital einEin
I EYIKI In

143 If I Efrat find to

Like before thesolution is making hmu 2 tensor up to gauge transformation

44 V11 halo Uni CA't G'lot herlol 2pA 2 tensor up to
gouge
linearitedoff's

since 1421 gets replaced by

145 Tm Te Ee I Eff't lottery rid o

Mainlesson Wesee emergence of GR from this canmatch 1131 for theAnt42
consistencyofquantum theory withm0,1112 graviton in thegesture
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Massless D particle vs 1,0 Field

We would like to show now there is no need or emergence of gauge invariance

for helicity fermions
which are interpolated by 1112101 or call fields

For concreteness let's focus on 1 11 and 4 112 d

461 4014 101151 12 5 U ñ x ̅ El

Sina j.ro I I E F if
EG44 E

y
K W IN O

147

E 5 41 9 E 98 N W IN 8 E

The constraintfrom rotation give so 4101lad Rt collpla ñDmoé i e

BUplol I Wplo D A Ill from rotation alone148

03 w 191 at
itseems both helicity
wouldbe allowed

butz
Then demandingthe triviality of 150121 translations TaB explityN tix Wt

49 VIPUp 0 D D 11 forbidden W w 0

Lesson 4 12,0 can interpolate destroy only 1 11 m o states

2 10 121 can interpolate destroy only 1 1 2 m o states

thissecondpoint either repeatanalysis or remember u a 121 9819
α 18 Both 14,61and 19121 transform the same wayunder rotations

E 11 116 1 11



Q whatis the covariantconstraint Weylequation

150 ME E 10903 E MEWIFI O WE ñ o

LikeMaxwell KleinGordon also Neyl equation can't bechanged itjustexpress
the kinematical constraintfrom Poincaré

I Uital so421011kt a 424ULMñllIEdSm o Adamñl Upl at

K F U In MEAL KIF K ARAIEnd UH ARKLm FUIT
hr IT KIKI

General fields a truely Lorentz covariant 01 has non vanishing

overlap with m o d helicity iff d j j
However one can easily getaround it via gouge invariance

Example 4 12.12 42,01 us 1 3
2

since 12.112 42,01 1,112 10,121
Tighthanded 4

Defining the wavefunction as

a 01 Yeah Ed that 0

Col4m14 ITd CHOIR 4 101VIRI IFd e

Final tutorial exp if d and 1 34112
While the 1 31 is associated to

4014,2101 IT 12 0 us and its gaze invariance In
that give rise to tax Aa trp drop with Ip a lefthandedfermion


